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J, J. Pyun

Thaoraticd AppliuatioasDivision
coda Dm?alo~t croup

14a Mama Xation.d mxxatory
Ma u-s, MU Ma%ico U8A

M ~ of aa dfofi to i.ncorporato - *a vuiabh Euluian

~dh into tha sacond-rdar PIC cwqutacional mathod~ a tmn-
cation ●rror analysisw parfoti to calculat~tho smond-
mdar srxor tarm for tho variabh Euhrian mash Syatm. Tlm
roa’u.lts ahowthAt Lhamxism -ah ●im lncr8nnt/d.cramant is

limitad w ba Ia(4)2 whuo Ar is ● non—disans
A

ional mash SiZO

of tho ith UG1l, and a is ● c nataat of otiar on..

Tlm nmica.1 solutionsof Burgar8’aquation by th ●mtd-

OtiU PIC ~tbd h tha vuiablo ~UiU msh 8ystm wra =-
pased with its ~ solution. It wms feud that tho smond-
ord~r aocuracy in th PIC mtkd was -a-ad undar th abova
cond.i tlon. Mditional problas -ra analyzadusinq tha socond-
ordar PIC methods in bth vuiabla and uniform Euhrian mash
o}wtcma. Tho ramlts Wcatc that tlm sacond-erdarPIC mathod
in W vuiablo EU1.rian msh ayotm am provido substantial
amputational tdma aavinq w** no 10ss in accuracy.

1. INTROWCTION

It is wdl known that tha trunaatim ●ror.
[2] in ● finite

diffaramo quation inuraasa if tha msh oisa uhanqoa rapidly,
& QIQ, mnaidar ● .impl. c.ntral diff.r.n.. aquation for

T
●t ● point of r

~$
u shownin FiQ, 1. Mpanding ● function

‘in ● Taylor mri ; foti and bac~d fm r = r , qivw I
3 ri

‘i du Ari 2’-’

‘i ~ u (ri.ll+ ~m lli.~+~~~) ~-++ i(~) ~-%w + O(Ar~)(1)



‘ri-l ‘i-l
‘i-1 = ‘(ri-$ - ~)-u

i+ - (*)i-h ~.
2

‘ri-l 2 + ~(ti3+ +(Q) (~)
dr2L-+ i-i) “

(2)

duTh sxpmssion for (—) is obtainad by subtracting Eq. (2)
frum Eq. (1) and div$~~~’%ho remulting●quation by
(Ari + dri-1)/2.

& ‘i - ‘i-1 2
+ *(+) (Ari - Ari-l) + o(Ar2) (3)

%-+
- O.s(Ari + A=J

& i-%

whua by O/Ar2) wc moan tha largest of O[2Ari3/(Ari+ ‘ri-l)]’

or 0[2Ar3 Tho flnit@ diffmmnca Eq. (3)
mhmh~-h!(;;~.~$kd] ~.-=yifti. -lofof (A:3;Ari-1)
is an ord~r of ‘ (Ari)2. Howovar, the ●ccuracy of Eq.
daterikto~to first ordar if tho mesh size cMqa is qraator
oroqualto-Ar. Howww, if th mash size chanqcs vary
O1OW1Y such thZ~ th. fin. -.h is LUed in th. r.gion of qr.at
int~ost and tho coaz.o mash is ampleyod in tha rmd.nainqrQ-
giona, ● mazkd LUP~t h tho 0VU411 computationaltima
saving could h ●chiovd without th ●xpanso of Lncraasinqth~
danaity of the ~sh ●yatcm cvo~hora.

--”’0’-7-’” M *tion 2 of this

pawr, tho ●cond-ordar PIC
cauputationalmat.hodis
briafly roviwod. Tmnaation
urors of th~ sscond~rdar
PIC c~tationzl method aro
calculatedin ●action 3, and
tho ma%imm mash SiZO chanqc
in tlm vmskbio mash mymtani
is dotozmintihamgdon th~
mcond-ordar truncation

tha rmond-rdar ?XC e~tational mathod. In aoetion 4 -
s~varml ssmplo m.lo’uhtion, Lnoldinq a r@lQ plm ● shock and
a rarafwtion wav9 ua pufomgd, ud thair nmario81 solutions
by tho swond-ordtr PIC wthod uo aompamd with thiir known
●%aot solutions .

2. W- QF _ SECOND-ORDERPIC CW.MUTATIONALMETHOD

81nca th data.ild dasariptionaof and ●pplicationsof th
meond+rdar PIC cmputmtlonal mathod ●s WQ1l ●s its comparison



with tho first-ordsrPIC c~tations nmthod‘“a] is qivul in
rafortnco1, only its brief ~ will M giV8n hara.

COMidtr ● sat of ona-dsnsional (lD) diffOrOnthl qua-
tions for cemprosoiblafluid flow ti ● cylindricalq-ctry.
Asmmlng only ona material to M prosant in ● lD clyindar, a
●yatam of e@ations that Wa want to Oolva ●bjoct to initial
and boundaryconditionsUC:

+ w“ --9(U” ++) (mass)
‘t (4)

P“
‘t

+ Uu” - -— (~Atlnn) (5)
P

(anargy) (6)

P = F(P,I) (quation of ttmto) (7)

In tha awond-rdmr PIC mathodtha dylindw im dividad
-to ● c-11 of lanqth Ar such that ● t@tal ~tion of Ar

kis Qqual to tho radius n tha oylindax. Tha Mtial valoci+y
U , ulassM @ iJitUrd Umrqy Ii U* MO@lM3d to tha i’d

ic u Mloh ha t thay rapramnt tha initial aonditiom. Within
●ach oall, tha 0011 MS M is divid- randualy amonq a num-
W of “~olaa” that ari distributedthrQu@oW tha c611 00
that my a~~to tha damity Profile.

Tha oaoond-erdu PIC m@hod cUculatoa tba quantities ●t
t- (n+l)Atin tams of thxa ●t tlmo ndt (i.a., an axplicit
tima advanomnt pmu-wo) whara n is a nunbar of t-stapa
and At is a tbstap. Wlthti ona timastap,tk now quantities
aro uomputod in tw phaaaa!

N% [f +0.5 At(fe +uf”)]:
i (9)



(lo)

(11)

(3) Tampgrarily assign tho mantuu Mi;i acd total intmnal
anor~ MiIi to C~i~ i.

PhAsa2: Particlo lkanspo= and Ramappin~
(1) Mov@ tho siclm with Wlocity ~(r ) whra ~(r ) is ob-
tainod by ltiau intorplation of = (=0.5K~+ O.!$Gi)~o *O

dparticlaposition r . Along With ● . . partiel~s,portions
of nmantum and int&nal ●mrqy am transpomad across th
cdl bowlduy.

(2) Tho n9w total call mass, momantun, and intarnalQn*rgy
ara Caloulatad. Subsaquantly,tha now Vdociey and total
specific int,rnal●nargy aro dotaminad.

3. TfiUNCATIONERXOl?ANMA!SXS OF = SECOND-ORDERPIC CU-
PUTATIONALl@THODIN = VARIABU EUURXAN MESHSYS=

Lat us con.idw th vmlocity and danaity profilms in Fig.
1 along with ● sot of lD diffarontial•Wti@na~ Eqa (4)
through Eq. (7). Foe convanianco,tha velocity is asmamod to
b9 poativa. tat E

L-kmg+

ba tho ~ distancoc ba-
twaan CO1l laft ad r ght bo&l!4ari.a,and tha patiicla po*i-
tions fmm which tha particles ratch tha boundary in tkstap
At ● 8hown in Fig. 1, and tha puticla valocity laaving ●

OS1l (i) is caloulatad by Linou in:wpolation~

whoro ‘Ml = U(rr)At

(12)

(13)

‘%+1 - ‘i(G=)@,g ().$(&
~+1 + A+ ■

Elidmthq F(r.) fromEqso (12) and (13) qivom

%.”* ●

%$ = (at - fiu-rAt2) i+ly + 0(At3) ,

(15)

(16)

(17)



and tho r-mlt is

(la)

:’>~;+ h ● mass tnnmpmtod frura● call (i) to (i+l), than

f

=i+lf

‘mi+l.j - 2= p(r)rdr -

‘i++ - ‘i+b

(19)

Using that th. d.mity, P(r), variao Mnmrly, W8 hava

Pi+l - ‘i
whQr9 (Pr )~+j,-

o.5(Ari+l- Arl) “
(21)

b ● mss transpxt.d frmn N cdl (1-1)to (i), thm
gtcb$ctiutiata dmi-+ myuily

(22)

Than, tho not chg. of ●

tmd aa ,

~W tha du’i.,ity chuaq, in

n+1
Agi = pi

%
-p~m

2=riki

maas in ● cdl (i) , A.Hi, im calcu2A-

(23)

CO1l (i) C- b. Cdeuhted as blow

. (24)

r+l
QL - P; 2

(Pt): - ~- +( Ptt): - *(Q; + 0(A3) . (25)

Hu@, w ~aatti tha hiqhor than sacond-ordortmuu. Insmt-
inq Eq. (24) into Eq. (2S) and, aft.r complax dqobrsic mani-
pulaticm , W9 h&v9

(Pt); - - [(?’-.)”+ & +At2J$(r,t) + b~A2(r, t)

● ❞▼❉❉☞❉ ✍ ‘i % - %1
Ar, )A*3(r, t) - (—— Jr, )AtA3(r, t)



EIcs, wa again trumcatadtlm tams high.r than tha sacond-
Ordar twnla. For simplicity, tha datailad axpmasions for the
coofficiantsA through A4 am not givan.

i
Rowawar, they are

given in refer nco 9.
4

Naxt consider tho momontum equation. ~: 6(mujf+(fi :.

momantum transport along with particlas from a co
(i+l),thul w hava

(27)

(28)

ba a momantum tranqortsd from a COU (i-1) to‘t *(&)i* ld Caldato ~hu)
(i), than Cou ~ ~ in a ●imilu way

(29)

MW tho volooity●t timst~p (n+l)Atcan
of a not momantum ohan9e?

m -

. ‘i”* + ‘(w -Ui + N46)i/Mi
n+l
‘i Hi + A(M)i 1 + A(M)i/hi

ExpandingEq. (31) in tarnu of ● Taylor
a

AiMu)in+l
(1 -iii +Tl(l-c+c2 - J) +
i

&

(30)

‘da calculatedin tarms

* (:J.)

sariaa rasults in

O(A4) (32)

whara C = A(M.)i/Mi .

Th@ tmmatim ●rror tams hl@zar than th third-ordar tmm

am naglautad. Frm ● Taylor sasiaa ●pamion of ui(t + At)/
w, h!?.

Un+l

m--

2
+(utt) ; - ~(uttt): + 0(A3) . (33)

tha tmnemtion ●ror tam hiqh-r than tho macond-ordar
-a noqltiotad. InsartinqEq. (32) into Eq. (33) and,
complox ●lqabr~icmanipulation, wa hava



q): - [-ml”- ~ + At2B1(r,t) + Ar~B2(r,t)

2=
‘(&i + %tii-l + A&) 3n-— AtB4(r,t) + O(A )i . (34)

Agti, tlm tmncation ●rror tams hi~hu than th socond-
ordu t- am naglmtsd hors. Again, tha datailod 6xpzos-
tions for tha coafficitntsB through 04 ar. not givan.

i
How-

umr, thy am giv9n in rafo arias9.

A stilu algtiraic manipulationoould b, ~rformod for
tic Onu

Y
~tion, baqinningwith Eq. (30) mnd r-placing

G
i
with ~ and th rasults -a

(It); = [-uI- - ; (u” + ~) + At2D1(r,t) + ti~D2(r,t)

(h i+i
“ &i) (&ri - &i-l)

+ AtD3(r,t) - AtD3(r,t)
%

Ari

us:+tipi+l + +
+

Ari
AtD4(r,t)

(Ar2+Ar Ar +Ar2-)
‘dtD4(r,t) + 0(A3)]: ..

Ari
(35)

ma dat.aihd ●prsasion.a for tha oo-fficiantsDl through D4
an qivan in rof~ranaa9.

4. SA%PLE CALCULATIONSM COKLU610N8



4.1 Burgus’ Equation
Considar Burgars’ wtion[’1 with the followinginitial and
kunduy conditions:

‘t
- Uu = vu

x m
(36)

u(x,O) - uosin7TtiL (37)

U(o,t) - U(l, t) = o . (38)

Tha axact solutionfor the abvs equation in known and given
fi rofuanco 4.

A numrical solution for Burgers’ aquationwas obtained
by the sacond-ordarPIC mathod in tho vuiabla mesh. A trun-
cation error (i.a., a diff.rancabatim an exact solution
and nmorical solution)is calou.htsd. Figur@ 2 show a ratio
of velocity tnncation ●rror for doubling a mash size. A
nmarical solutionby the s~cond-ord,rPIC m~thod is s@cond-
ordm accurata in ttia and spaca. Thar9for8, the velocity
tmncation ●rror is quadm.@od as tha mash size is dou.bladas
shown in Fig. 2. Howav8r, th valocity tmncation grror ia
not quadrupledas tho timstop is doublad. Thi8 is bacauso
tho -Cation ●-r tmnz ars”dalnatad by a spac~ ●rror
ttrm (-

F
) ●s a r9m.lt of a convcgonca crituion,

vAt/(Ax ) ‘< 0.5.
h

Sinca it ia difficult to doublo ● mesh size
●t th~ gas, tho ratio of valocity truncationGrror waa not
quadmlplad.

4.2 Plamo Shock Wan
A plain shock wava waa analyzadby using tha sacond-ordu

PIC mathod h Mth uniform ad VUiZbl@ mash syotam.@so
nmaricd solutionsalonq with their watt solutions in an
idoti gal UG S- in Fiqs. 3 thOU

%6”
Tho shock front was

handled U8h~ an mifical viacoaity and ● valua of its
constamt coofficiontUS* is 0.5. Figura 3 shows a spatial
profih of dmmity ●t 14 pm. M shown in Fig. 3, tha mn!mrical
●olutions for 8 spaUal dan.sityin both uniform and vuiabla
mash systam with a-l ●grac very well with their ●x.actsolu-
tions. Tha maxbum c~rossion rmtio for this shock is 4.0
(i.ad, ● strong ohook in an ideal gas). Zn addition, ● aom-
puMtloMl tba saving ●a ● rawlt of using ● vuia.bltmash
W88 ●pproximately30* without loao in acouracy ovar a uniform
Msh uaoa. T’h:.sompu~tional t- savtiq is duo to ● cm.allor
n-r of maahes umd h a v=iablc mesh tystmn.

Fiwas 4 and S a~ua tha numaricalsolutinns for a
opatial prusura and internalmorgy in both uniform and vui-
abla mash syatam with th-ir mat solutions, ~t mesh siza
inormt conawt, G, umi hara is aqain 1.0. Aqain, than.
nmuiml solutions ●qrw wv wall with th,ir ●xaat solutions.
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Figure 6 shows ● compuiaon of m
spatialdannity Frofile at 65 ~a for
● strong shock in an idati gaa. Tha
vuiabla msh with incram~ntalcon-
stant of 3.3 i. usd for this nm-
eriud solution. Tlm Wi.nnm cm-
pr~ssion ratio if - 3.85 for tha
numcriual solutionwhcraam its ●cact
solution is 4.0. This roault in-
dicataa that tha ●aauracy in the
●cond+xdm dotoriatas ● tho mernh
●iao rapidly inaxmaaam. M shown in
saation 3, tha ~ m-h siza in-
craana in ● variablgmaah aystam in

ordw to maintain tha saaond-ordu aocux cy in tha sooond-?
ordor PIC method is lb.itod to M ‘(Ar . Hara w umd t.ho

pmaxhm mmoh sizo incrsama of 3.3 (Ari .



4.3 Plan. Adiabatic RarafactionWave
A plain adiabaticrarefactionwave was analyzed usang tne

second-order PIC methd in both uniform and variable mesh
#yStem.
lutions[’p

ese numaricd solutionsalong with their exact so-
in an ideal gas are shown in F+gs. 7 through 9.

Figures 7 and 8 show a comparisonof numerical solutions for
a spatial density profile at 1S US in a uniform and variable
mesh system with a=l.O with their exact solutions. ?s ghown
in Figs. 7 and 8 tha numaricalsolutionsagree relativelywell
with their exact solutions. Deviationof naerical solutions
from theti exact solutionsat the edges as shown in Figs. 7
and 8 is due to the vaccum bowda.ry condition. In addition,
● c~utational time saving fer this problem was approximately
25* as a result of ueing a variable mesh over a uniform mesh
casa.

Figure 9 comparesthe numerical solution for a spatial
density profile at 15 us in a variablemesh with a=3.3 with
its ●xact solution. The numerical solutionat a vaccum boun-
dary dotariatesas shown in Fig. 9. However, a eomputatioraal
time saving as a result of using a variablemesh was approxi-
mately 50% over a Unifom mesh caae.

In conclusion,a substantialcomputationaltirnawfing
could be ●chieved h th second-ordor PIC comput&tlonalmethod
without sacrifice in accuracy by using a variable mesh system
as compared to one using a uniform mesh.
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